Introduction
Let G be a finite group and let i(G) be a group invariant. For example, i(G) could be the set of composition factors of G, or the exponent of G, or the set of prime divisors of |G|, and so on. Given such a property, one can ask whether or not it can be detected from subgroups of G generated by very few elements. For instance, a well-known theorem of Thompson [24] states that G is solvable if and only if every 2-generated subgroup is solvable.
Let d ∈ N be minimal such that G contains a d-generated subgroup H with i(H) = i(G). This integer is studied by Lucchini, Morigi and Shumyatsky in [21] , where several interesting results are established. For example, they prove that d = 2 if i(G) = π(G) is the set of prime divisors of |G| (cf. Problem 17.125 in [15] ), and d = 3 if i(G) = Γ(G) is the prime graph of G, which is a graph with vertex set π(G), and two vertices p and q are adjacent if and only if G contains an element of order pq. They also show that d ≤ 4 if i(G) = exp(G) is the exponent of G, and the better bound d ≤ 3 has recently been established by Detomi and Lucchini [7, Theorem 1.6 
] (determining whether or not d = 2 in this situation is an open problem).
The main aim of this paper is to extend the study of boundedly generated subgroups initiated in [21] from finite groups to profinite groups, with some suitable (and necessary) modifications.
Recall that a profinite group is a topological group which is an inverse limit of finite groups (which are equipped with the discrete topology). Given a closed subgroup H of a profinite group G, its index |G : H| is the least common multiple of the indices of the open subgroups of G containing H. Hence, the order of a profinite group G is defined to be |G : 1|, which is a supernatural number (or Steinitz number ), that is, a formal infinite product p n(p) over all primes p, in which each n(p) is a non-negative integer or infinity. In addition, the order of an element g ∈ G, denoted |g|, is defined to be the order of the subgroup topologically generated by g, that is, |g| = | g |. If d is a positive integer then a closed subgroup H of G is said to be d-generated if H = x 1 , . . . , x d for some x i ∈ H, which is equivalent to the condition that HN/N = x 1 N, . . . , x d N for every open normal subgroup N of G.
Given these definitions, we can consider the exponent of a profinite group G and the set of prime divisors of |G|, denoted by exp(G) and π(G), respectively. We can also define the prime graph Γ(G).
Our first result is a natural extension of [21, Theorem C] .
Theorem A. Let G be a profinite group. Then there exists a 3-generated (closed) subgroup H of G such that Γ(H) = Γ(G).
This result is best possible. Indeed, there exists a finite group G such that Γ(H) = Γ(G) for every 2-generated subgroup H of G (see [21, p. 883] ). A key tool in the proof of Theorem A is an extension of [21, Theorem C] for finite groups (see Proposition 3.1): if 1 = M n ≤ · · · ≤ M 0 = M is a normal series of a finite group M , then there is a 3-generated subgroup K of M such that Γ(KM i /M i ) = Γ(M/M i ) for all i.
In order to prove Proposition 3.1, we will show that if M has no proper subgroup K with the desired property, then M is 3-generated (so the conclusion holds with K = M ). In particular, we are naturally led to consider the minimum number of generators of a finite group. A fundamental role in this investigation is played by the so-called crown-based powers of a monolithic group (a finite group is said to be monolithic if it has only one minimal normal subgroup). The notion of a crown was introduced by Gaschütz [9] in the context of solvable groups, in his construction of prefrattini subgroups. More recently, this notion has been generalized to all finite groups (see [8] , for example). In [6] , Detomi and Lucchini introduce crown-based powers as an extension of crowns, where they are used to study the probabilistic zeta functions of finite groups. For each positive integer k, the crown-based power L k of a monolithic group L is defined as a subgroup of L k (the k-fold direct product of L) whose socle is a crown (see Definition 2.1). In [6] , the authors also give conditions on the minimal generation of homomorphic images of a finite group that imply it is isomorphic to a crown-based power of some monolithic group (see Theorem 2.4). This result, together with the generating properties of crown-based powers recorded in Section 2, will be used in the proof of Proposition 3.1, which in turn plays a key role in the proof of Theorem A. Properties of crown-based powers will be discussed in more detail in Section 2.
The next result provides a profinite analogue of a recent theorem of Detomi and Lucchini [7, Theorem 1.5] on the prime divisors of indices of subgroups of finite groups. It implies that if C is a closed subgroup of a profinite group G then it is possible to get information on the set of prime divisors of |G : C| from the primes that divide |H : C ∩ H|, where H is an appropriate subgroup of G with very few generators.
Theorem B. Let G be a profinite group and X, C be two (closed) subgroups of G such that X ≤ C. Then there exist a, b ∈ G such that
where π(n) denotes the set of prime divisors of the integer n.
Again, this result is best possible; in general, the conclusion does not hold if we only take a single element a ∈ G (for example, let G = S 3 and X = C = 1). A key result in the proof of Theorem B is Proposition 4.6, which states that if 1 = M n ≤ · · · ≤ M 0 = M is a normal series of a finite group M , and X ≤ C are two subgroups of M , then there exist a, b ∈ M such that
for all i. In order to prove the existence of such elements, we will bound the minimal number of generators of M with respect to X, i.e. the minimum number of elements, which together with X, are needed to generate M . Crown-based powers will also play an important role in this analysis (see Lemma In [26] , Zel'manov proves that every finitely generated torsion pro-p group is finite, but the general problem is still open. In view of Zel'manov's theorem, it is not difficult to show that a positive solution to Problem 1 will yield a positive solution to Problem 2 (see Section 5 for the details). Here, we use Zel'manov's theorem to establish a best possible result for finitely generated prosupersolvable groups.
Theorem C. Let G be a finitely generated prosupersolvable group. Then there exists a 2-generated (closed) subgroup H of G such that exp(H) = exp(G).
The main step in the proof is to construct a chain of closed subsets of G × G such that, by the compactness of G, their intersection is non-empty and contains the pair of generators that we are looking for. This chain will be constructed inductively, using a new result on 2-generated prosolvable groups (see Theorem 5.11).
Notation. Our notation is fairly standard. Let G be a group and let n be a positive integer. We write G n for the direct product G × · · · × G (n factors) and π(n) for the set of prime divisors of n. If x, y ∈ G and N is a normal subgroup of G then we write x ≡ y mod N if N x = N y. If G is finitely generated then d(G) denotes the minimal size of a generating set for G, and if G is finite we write Soc(G) for the socle of G, which is the subgroup generated by the minimal normal subgroups of G. Finally, if G is a profinite group and H is a closed subgroup then we define the prime graph Γ(G), the index |G : H| and the exponent exp(G) as above. Also, if N is an open normal subgroup of G then we denote this by writing N ✂ o G.
Preliminaries
Here we record some preliminary results that will be useful in the proof of the main theorems. Our main references for profinite groups are [23] and [25] . If we refer to a subgroup of a profinite group, then it is assumed to be closed, unless stated otherwise.
As noted in the Introduction, crown-based powers play an important role in the proofs of Theorems A, B and C. In order to give the definition, recall that a monolithic group is a finite group with a unique minimal normal subgroup (its socle).
Definition 2.1. Let L be a monolithic group with socle A. If A is abelian, assume also that A has a complement in L. For each positive integer k,
Moreover, it is easy to see that the quotient group of L k+1 over any minimal normal subgroup is isomorphic to L k . We will need the following result on the normal structure of crown-based powers (see [21, Lemma 2.5]).
Let G be a finitely generated group and let d(G) be the minimal size of a generating set for G. Since the quotient group of L k+1 over any minimal normal subgroup is isomorphic to
. . is increasing. Moreover, the main theorem of [17] 
precisely in the cases we will be interested in. (In part (ii), H 1 (G, V ) denotes the first cohomology group of G on a G-module V , and End G (V ) is the group of endomorphisms of V as a G-module.) Proposition 2.3. Let L be a non-cyclic monolithic group with socle A, and let L k be the crown-based power of L of size k. For the purposes of this paper, the main connection between arbitrary finite groups and crown-based powers is provided by the following theorem (see [4, Theorem 1.4] ). We close this section by giving a brief overview of our general strategy, which will explain the relevance of Theorem 2.4 (strictly speaking, we use a variant of this approach in the proof of Theorem C). Let G be a profinite group and let i(G) be a group invariant. We begin with an initial reduction to the case where G is countably based, so we can consider a chain
of open normal subgroups of G, which form a base of open neighbourhoods of 1. Next, by choosing d ∈ N appropriately (i.e. d = 3 in the proof of Theorem A, and d = 2 in Theorem B), we define a collection of closed subsets of G d ,
for each j = 0, 1, 2, . . ., and we note that Ω j is non-empty by known results for finite groups. For example, we can appeal to [21, Theorem C] if i(G) = Γ(G) and d = 3. The key step is to establish the existence of an element
Indeed, given such an element we can show that i(C) = i(G), where C = x 1 , . . . , x d , and this is how the main theorems are proved. In order to prove that this intersection is non-empty, it suffices to show (by the compactness of G) that every finite subcollection of the Ω i has non-empty intersection. In turn, this problem can be stated in terms of finite groups as follows: given a normal series
To establish the existence of S, we assume that there is no proper subgroup S of T with the desired property, and our aim is to show that
Given such a group T , there exists a normal subgroup N of T such that d(T /N ) = d(T ) and every proper quotient of T /N can be generated by d(T ) − 1 elements. At this point, we can apply Theorem 2.4, which implies that T /N ∼ = L k for some monolithic group L and an integer k ≥ 1. Our aim now is to show that k ≤ t for some t, which depends on the invariant we are considering (for example, if i(G) = Γ(G) then the proof of Proposition 3.1 reveals that k ≤ 3). We can then appeal to Proposition 2.3 to compute d(L t ), which gives an upper bound for d(T ). In this way, we can show that d(T ) ≤ d, as required.
Proof of Theorem A
Let G be a profinite group and let π(G) be the set of primes dividing |G|, the order of G. Recall that Γ(G) denotes the prime graph of G. This is a graph with vertex set π(G), and two vertices p and q are adjacent if and only if G has an element of order pq.
By a theorem of Lucchini, Morigi and Shumyatsky [21, Theorem C], if G is finite then there exists a 3-generated subgroup H of G such that Γ(H) = Γ(G). Moreover, this is best possible. Indeed, there is a 3-generated finite group G such that Γ(H) = Γ(G) for every 2-generated subgroup H of G (see [21, p.883] ).
In order to extend this result to profinite groups, we will establish the following generalization of [21, Theorem C], which we can readily apply in the profinite case.
Proposition 3.1. Let G be a finite group and let
To prove this result, we need the following two lemmas. In the statement of Lemma 3.3, recall that a finite group L is almost simple if S ≤ L ≤ Aut(S) for some finite non-abelian simple group S. Note that every almost simple group is monolithic. Lemma 3.2. Let p and q be primes, and let P be a p-group acting on a q-group Q such that C Q (a) = 1 for all 1 = a ∈ P . Then either P is cyclic, or p = 2 and P is generalized quaternion.
Proof. This is [11, Proposition 10.3.1(iv)].
Proof. See Lemma 3.3 in [21] .
In what follows, given two graphs Γ 1 and Γ 2 , we say that Γ 1 ⊆ Γ 2 if and only if they have the same set of vertices, and if x, y are connected by an edge in Γ 1 , then they are also adjacent in Γ 2 .
Proof of Proposition 3.1. First observe that it suffices to prove the following claim:
Clearly, in this situation, the conclusion to Proposition 3.1 holds with H = G. To see that Claim 1 is sufficient, suppose that G has a proper subgroup H such that Γ(
, then we can repeat the process, with K in place of H. In this way, since G is finite, we will eventually find a 3-generated subgroup of G with the desired property, so Claim 1 is indeed sufficient to prove the proposition.
Proof of Claim 1. Clearly, we may assume that G is non-cyclic. Let N be a normal sub-
where L is a monolithic group and Soc(L) = A is non-abelian or complemented.
Consider the series
We can refine this series to obtain a chief series of G/N , and it suffices to show that the desired conclusion holds for this series. By Proposition 2.2, there exist integers h, j such that 0 ≤ h < j ≤ n and
More precisely:
, a direct product of minimal normal subgroups (each isomorphic to A). We can choose the A r so that
We use the T i to define a subgroup X ≤ G in the following way:
Note that X/N ∼ = L u for some u ≤ k. Our aim is to prove the following claim:
Proof of Claim 2. If k = 1, or if k = 2 and A is simple, then the claim is obviously true. Therefore, we may assume that the following hypothesis holds: k ≥ 2, and A not simple if k = 2.
(1)
We will prove that Γ(
then, using the assumption that G has no proper subgroups satisfying this equality, we will deduce that X = G. We distinguish two cases, according to the value of i.
and thus π(X) = π(G). In particular, π(X) = π(G), so the graphs Γ(X) and Γ(G) have the same set of vertices. It remains to prove that they also have the same edges.
Clearly, Γ(X) ⊆ Γ(G). For the reverse inclusion, suppose that p, q ∈ Γ(G) are connected, so there exists g ∈ G such that |g| = pq. If g ∈ N ≤ X, then p and q are connected in Γ(X), and we are done. Therefore, we may assume that g ∈ G \ N , so |gN | ∈ {pq, p, q}.
Suppose first that gN has order pq, in which case pq divides |L|. If l ∈ L has order pq, then ψ((l, . . . , l)V ) ∈ XM i /M i N has order pq, hence there is an edge in Γ(X/N ) = Γ(XM i /M i N ) connecting p and q. Now assume L has no elements of order pq, so k > 1. Consider the preimage of gN in G/N . By applying ϕ −1 , we obtain (l 1 , . . . , l k ) ∈ L k which has order divisible by pq, so there exist l r , l s such that p divides |l r | and q divides |l s |. As |l r A| = |l s A|, it follows that l r , l s ∈ A, so the order of A is divisible by two different primes. But since A has no element of order pq, it follows that A is simple and thus X/N = ϕ(T 2 ) (by definition of X). Then the order of ψ((l r , l s , . . . , l s )V ) ∈ XM i /M i N is divisible by pq, and thus p and q are connected in Γ(X/N ). Now suppose that gN has order p or q. Without loss of generality, we may assume that the order is p, so q divides |N |. We consider two cases.
Suppose that p ∤ |A|. By the definition of X, every Sylow p-subgroup of X/N is a Sylow p-subgroup of G/N , hence the same holds for X/N . As gN has order p, there exists h ∈ G such that (gN ) h ∈ X/N , so g h ∈ X is an element of order pq, and thus p and q are connected in Γ(X). Now assume that |A| is divisible by p. Let Q ∈ Syl p (N ) and let T = N X (Q), hence X = T N by the Frattini argument. Let P ∈ Syl p (T ), which acts on Q by conjugation. Since (1) holds, a Sylow p-subgroup of X/N is non cyclic, hence P is non-cyclic. Moreover, if p = 2, then Soc(X/N ) contains a subgroup isomorphic to an elementary abelian 2-group K of rank 3, so P has a section isomorphic to K and thus P is not generalized quaternion. By Lemma 3.2, there is a non-trivial element in Q which is centralized by some non-trivial element from P . Hence, there is an element of order pq in X.
We have now shown that Γ(XM i /M i ) = Γ(G/M i ) for any i = 1, . . . , t. Therefore, by the assumption on G, we can conclude that X = G and the proof of Claim 2 is complete.
Finally, we will bound
There are 4 cases to consider:
and thus d = 2. 2. If A is abelian and |A| > 2, then k ≤ 2. Let q, r, s, θ be as in Proposition 2.3(ii).
Since
so we have d ≤ 3 since s < r (this follows from an important result of Aschbacher and Guralnick, see [1, Theorem A]). 3. If |A| = 2, then k ≤ 3 and we deduce that d ≤ 3 as in the previous case (note that θ = 0). 4. In the remaining cases, A is a non-abelian simple group and k = 2. By Lemma 3.3 and the definition of
This completes the proof of Claim 1.
In view of our earlier comments (see the paragraph following Claim 1), this completes the proof of Proposition 3.1.
The next result provides a useful characterization of the prime graph of a profinite group. Note that, given two (or more) graphs Γ 1 and Γ 2 , we define Γ = Γ 1 ∪ Γ 2 to be the graph whose set of vertices is the union of the vertices of Γ 1 and Γ 2 , and two vertices x and y are adjacent in Γ if and only if they are adjacent in Γ 1 or Γ 2 . Proof. If p ∈ Γ(G) then p divides |G|, which we recall is defined by 
In fact, Ω i is the union of finitely many subsets of this form. Since each M i is closed in G, it follows that
Choose a finite subchain M i 1 ≤ · · · ≤ M ir of (2) and consider the series
which is a normal series for G/M i 1 . Since G/M i 1 is finite, Proposition 3.1 implies that there exists (y 1 , y 2 , y 3 ) ∈ G 3 such that Γ( y 1 , y 2 ,
with j = 2, . . . , r. This means that (y 1 , y 2 , y 3 ) ∈ r j=1 Ω i j , so every finite subcollection of the Ω i has non-empty intersection. Since G is compact, the whole family has non-empty intersection, which implies that there exists (x 1 , x 2 , x 3 ) ∈ G 3 such that
Let C = x 1 , x 2 , x 3 . We want to show that Γ(C) = Γ(G). Clearly, Γ(C) ⊆ Γ(G). If p ∈ Γ(G) then there exists N p ∈ N such that p divides |G/N p |, so there exists a subgroup M in the chain (2) such that M ≤ N p . Then
We can use the same argument to prove that Γ(G) and Γ(C) have the same edges. Indeed, suppose p, q ∈ Γ(G) are connected. Then there exists N pq ∈ N such that p and q are connected in Γ(G/N pq ), and there exists a subgroup M ′ in (2) such that M ′ ≤ N pq . As before, we get
Therefore p and q are connected in Γ(C), and we conclude that Γ(C) = Γ(G).
Proof of Theorem B
In this section we turn our attention to Theorem B. We start by recording a couple of preliminary results.
Let X be a subset of a finite group G, and let d X (G) be the minimal integer d such that G = X, g 1 , . . . , g d for some g 1 , . . . , g 
The next result can be viewed as a generalization of Theorem 2.4.
Proposition 4.2. Let X be a subgroup of a finite group G and let N be a normal subgroup of G such that N is maximal with the property that d XN (G) = d X (G). Then there exists a monolithic group L and an isomorphism
ϕ : G/N → L k such that ϕ(X) ≤ diag(L).
Moreover, if A is abelian and T is a complement of A in L, then ϕ(X) ≤ diag(T ).
Proof. This is a consequence of Proposition 12, Theorem 20 and Corollary 21 of [18] .
The main motivation for Theorem B is a result of Detomi and Lucchini [7, Theorem 1.5], which states that if G is a finite group and X, C are two subgroups of G such that X ≤ C, then it is possible to find two elements a, b ∈ G such that
where we recall that π(n) is the set of primes divisors of the integer n. In a similar spirit to the proof of Theorem A, we will prove a generalization of this result (see Proposition 4.6) which can be applied in the profinite case to establish Theorem B. In order to do this, we require some additional results.
Lemma 4.3. Let G be a finite group and let
be a chief series of G. Let X and C be two subgroups of G such that X ≤ C. For any index i, let Q i ⊆ π(|G : CM i |) and assume that G has no proper subgroup H containing
where L is a monolithic group, t is a positive integer and ϕ(X) ≤ diag(L).

Moreover, if the socle A of L is abelian and T is a complement of A in L, then assume that ϕ(X) ≤ diag(T ). Then the following hold:
Proof. Let N = ker(ϕ) and set G = G/N ∼ = L t . For the remainder of the proof, we will use the "bar convention" to indicate the image of a subgroup of G in G.
Define
In particular, the hypothesis
is a chief series for G/N . By Proposition 2.2, there exists 0 ≤ h ≤ n such that
where each S i is a minimal normal subgroup of L t isomorphic to A.
Recall that if p is a prime, |G| p denotes the order of a Sylow p-subgroup of G. For any index i, we define
If A is non-abelian, then either t = |Λ| or H ∼ = L |Λ|+1 . If A is abelian, then A is an elementary abelian p-group for some prime p, so π(A) = {p} and |P i | ≤ 1 for each i, hence |Λ| ≤ 1 and
We claim that
Assume the claim is false, so there exists p ∈ P i such that p / ∈ π(|HM i : HM i ∩ CM i |), and there exists a Sylow p-subgroup U of HM i which is contained in CM i . Then U ∩ S jp is a Sylow p-subgroup of S jp , but this contradicts the fact that |S jp ∩ CM i | p < |S jp | p . This justifies the claim.
Next we claim that P * i ⊆ π(|HM i : HM i ∩ CM i |) for any i. To see this, let p ∈ P * i , so p divides |G :
Let U be a Sylow p-subgroup of HM i . Then U ∩ M i N is a Sylow p-subgroup of M i N and it cannot be contained in CM i . This implies that p ∈ π(|HM i : HM i ∩ CM i |) for any i.
We have now shown that Q i ⊆ π(|HM i : HM i ∩ CM i |) for any i, so the hypothesis of the lemma implies that H = G. If A is abelian, then either H ∼ = L and thus G = H ∼ = L and t = 1, or G = H = K ∼ = T . However, the latter situation is incompatible with the fact that L t is an epimorphic image of G. If A is non-abelian, then either t = |Λ| or G = H ∼ = L |Λ|+1 , so t ≤ |Λ| + 1 ≤ β + 1. This concludes the proof of the lemma. 
For the proof of Proposition 4.4 we need the following result, which is a consequence of [7, Theorem 2.2].
Lemma 4.5. Let L be a monolithic group with non-abelian socle A, and let
Proof of Proposition 4.4 . Let N ✂ G such that N is maximal with respect to the property that
By Proposition 4.2, there exists a monolithic group L and an isomorphism
Then there exists an index 0 ≤ h ≤ n such that M h N/N = Soc(G/N ) and, by the maximality of
If A is abelian, then Lemma 4.3 implies that t = 1, so G/N is isomorphic to L and Lemma 4.1 yields
If A is non-abelian, then using Lemma 4.3 we get t ≤ β + 1, where
By Lemma 4.5 we have
which implies that d X (G) ≤ 2 also in this case.
Using Proposition 4.4, we can can now prove a generalization of [7, Theorem 1.5 ], which will be our main tool in the proof of Theorem B. Proposition 4.6. Let G be a finite group and let
for any i.
Proof. As in the proof of Proposition 3.1, it is enough to show that if G has no proper subgroup H such that X ≤ H and π(|G :
Since this holds for any subgroup X of G, it is true for X = 1. The result follows.
We are now ready to prove Theorem B.
Proof of Theorem B. Let G be a profinite group and let X, C be closed subgroups of G such that X ≤ C. By definition, we have
In particular, if p ∈ π(|G : C|) then there exists an open normal subgroup N of G such that p divides |G : CN |. Let N be the set of such normal subgroups and set M = N ∈N N , so G/M is a profinite group. Note that N is countable. By arguing as in the proof of Theorem A (see the first paragraph), we may assume that G is countably based, so G has a chain Note that π(|G/M i :
where the second set is equal to π(| a, b,
In fact, Ω i is the union of finitely many subsets of this type. Since M i is closed in G, it follows that
is a normal series for G/M i 1 . Since G/M i 1 is finite, we can apply Proposition 4.6, which implies that there exist
for all j = 1, . . . , r. Since x 1 = xM i 1 , x 2 = yM i 1 with x, y ∈ G, and M i 1 ⊆ M i j for all j = 1, . . . , r, we get
and thus (x, y) ∈ r j=1 Ω i j . So every finite subcollection of the Ω i has non-empty intersection. Since G is compact, the intersection of all the Ω i is non-empty. In other words, there exist a, b ∈ G such that
Finally, we will show that a and b are the two elements that we are looking for. Let p be a prime in π(|G : C|). Then there exists N ∈ N such that p divides |G : CN |, and there exists a subgroup M in the chain (3) with the property that M ≤ N , so p ∈ π(|G : CM |). Therefore, we have
which implies p ∈ π(| a, b, X : C ∩ a, b, X |). This concludes the proof of Theorem B.
In the statement of Theorem B, if we take X to be the trivial subgroup, or if we take X = C, then we obtain the following corollaries: Using Theorem B, we can also deduce another important result. Let G be a finite group and set Ind G (x) = |G : C G (x)| for x ∈ G. In [2] , Camina, Shumyatsky and Sica prove that if Ind a,b,x (x) is a prime-power for any a, b ∈ G, then Ind G (x) is also a prime-power. Equivalently, if C = C G (x) and there is more than one prime dividing |G : C|, then there exist a, b ∈ G such that | a, b, x : C ∩ a, b, x | is divisible by more than one prime. The following theorem provides a profinite analogue of this result; it is an immediate corollary of Theorem B. 
Proof of Theorem C
In this final section we prove Theorem C. Let G be a profinite group and recall that the exponent of G, denoted exp(G), is defined by
where |g| := | g | is the profinite order of g. Note that |g| = p p n(p,g) is a supernatural number, and thus exp(G) is also a supernatural number. Indeed
where n(p) = max g∈G n(p, g).
We are interested in the following general problem. Therefore, if G is torsion, then |G| has a finite number of prime divisors, say p 1 , . . . , p t . Let P 1 , . . . , P t be the corresponding Sylow subgroups of G (for a prime p, a p-Sylow subgroup P of G is a subgroup P whose order is a power of p (possibly p ∞ ) and its index is not divisible by p). If Problem 5.1 has a positive solution, then for any i there exists a finitely generated subgroup Q i ⊆ P i such that exp(Q i ) = exp(P i ), and Q i is finite by Zel'manov's theorem. This implies that exp(G) is finite.
Making progress on Problem 5.1 is fairly difficult, and a complete solution is still out of reach. Nevertheless, if P is a finitely generated pro-p group then either P is torsion (and thus finite by Zel'manov's theorem), or it is infinite and non-torsion. In the former case, exp(P ) is finite and there exists an element x ∈ P such that exp(P ) = |x|. In the latter case, since P is non-torsion, there is an element of order p ∞ , which is exactly the exponent of P because exp(P ) = lcm{|y| | y ∈ P } by definition.
Using these observations, it is possible to prove Theorem C, which gives a best possible solution to Problem 5.1 in the case where G is a finitely generated prosupersolvable group, which is an inverse limit of finite supersolvable groups. In order to prove this result, we require some additional terminology.
Let π be a set of prime numbers and let π ′ be the set of prime numbers not in π. We say that a supernatural number δ is a π-number if the primes dividing δ are in π. A closed subgroup H of a profinite group G is a π-subgroup if the order of H is a π-number. If H is a maximal π-subgroup of G, it is called a π-Sylow subgroup of G, and it is called a π-Hall subgroup if it is a π-Sylow subgroup and |G : H| is a π ′ -number.
Remark 5.5. If G is prosolvable, every π-Sylow subgroup is a π-Hall subgroup, and any two of them are conjugate (see [23, Corollary 2.3.7] ). In particular, this property holds for prosupersolvable groups. Proof. This is [22, Proposition 3.5] .
Before embarking on the proof of Theorem C, we record some additional notation and preliminary results on prosupersolvable groups.
Recall that the Frattini subgroup of a profinite group G, denoted Φ(G), is the intersection of all the maximal closed subgroups of G. The following result is [22, Corollary 3.9] .
Theorem 5.7. Let G be a finitely generated prosupersolvable group. For each prime number p, let P be a p-Sylow subgroup of G. Then P is finitely generated.
We will also need also Gaschütz's Theorem (see [10] In the proof of Theorem C, one of the key ideas is to inductively construct a chain of closed subsets of G × G. In order to do this, the following two results will play a fundamental role. Proposition 5.10. Let G = g H ⋊ H be a finite solvable group, where H is a 2-generated subgroup, g is a p-element where p is a prime, p ∤ |H| and g H is a p-group. Then G is 2-generated.
Proof. Consider F := Φ( g H ). Since F ⊆ g H we have 
Claim. X is 2-generated.
and any proper quotient of X/N can be generated with d − 1 elements. By Theorem 2.4, X/N ∼ = L k for some integer k and some monolithic group L whose socle A = Soc(L) is complemented and abelian, since G is solvable.
, but this contradicts the fact that every proper quotient of X/N ∼ = L k can be generated with d − 1 elements.
If A is not a p-group, then L k is an epimorphic image of H, which is 2-generated, but this contradicts the fact that L k needs at least 3 generators. Therefore, A is a p-group. In particular, the minimality of A implies that it is an irreducible F p [H]-module, and A k is isomorphic (as an F p [H]-module) to an epimorphic image of M . Since M is a cyclic
Write |End L/A (A)| = q and |A| = q r , with q a p-power. Let J be the Jacobson radical of 
/J is a semisimple algebra and also Artinian (since it is finite), we can use the Wedderburn-Artin theorem (see Lemma 1.11, and Theorems 1.14 and 3.3 in [14] ) to deduce that
Therefore, k ≤ r. Since X is solvable and (|L/A|, |A|) = 1, the Schur-Zassenhaus theorem implies that all complements of A in L are conjugate, so H 1 (L/A, A) = {0} (see [1] ), which implies that
Finally, by Proposition 2.3(ii) we get
hence X is 2-generated. This justifies the claim.
In conclusion, since X is the quotient of G by the Frattini subgroup of g H , it follows that d(G) = d(X). Therefore, G is also 2-generated, and this completes the proof of the proposition.
We can extend the previous proposition to profinite groups.
Theorem 5.11. Let G = g H ⋊ H be a prosolvable group, where H is a 2-generated subgroup, g is a p-element with p a prime such that p ∤ |H|, and g H is a pro-p group. Then G is 2-generated.
Proof. By [25, Proposition 4.2.1], a profinite group X is 2-generated if and only if every finite continuous image of X is 2-generated. In particular, X is 2-generated if and only if X/N is 2-generated for any open normal subgroup N of X.
Let N be an open normal subgroup of G and set P := g H . Consider N ∩ P . Since N ∩ P is normal in G, we can consider the quotient G * = G/(N ∩ P ) = P * ⋊ H, where P * ∼ = P/(N ∩ P ) is finite. Let N * be the image of N in G * . Note that N * ∩ P * = 1, hence p ∤ |N * | and N * is a p ′ -subgroup of G * . Since H is a p ′ -Hall subgroup of G * , the profinite version of the Schur-Zassenhaus theorem (see Propositions 2.3.2 and 2.3.3 in [25] ) implies that there exists an element x ∈ G * such that x −1 N * x ≤ H, hence N * ≤ H since N * is normal in G * . Moreover, [N * , P * ] ⊆ N * ∩ P * = 1, hence N * ⊆ C H (P * ), where C H (P * ) is the centralizer of P * in H. This implies that g H = g H/N * , hence G * /N * = P * ⋊ H/N * is a finite solvable group since H/N * is finite.
By applying Proposition 5.10, we deduce that G * /N * is 2-generated hence, by our initial observation on finite continuous images, we deduce that G is 2-generated.
We are now ready to prove Theorem C.
Proof of Theorem C. The main idea is to construct a chain of closed subsets of G× G such that the intersection of these subsets contains a pair of elements generating a subgroup C with the required property.
To get started, let us construct a countable chain G = M 0 ≥ M 1 ≥ M 2 ≥ · · · of normal subgroups of G, with the property that i M i = 1 and the quotient M i /M i+1 is a Sylow subgroup of G/M i+1 for each i.
Let p 0 be the smallest prime which divides the order of G, and let π 1 be the set of prime numbers greater than p 0 . By Theorem 5.6, there exists a normal π 1 -Sylow subgroup M 1 of G such that K 0 = G/M 1 is a p 0 -Sylow group, and G is a semidirect product G = M 1 ⋊ K 0 . Now we turn to M 1 . Let p 1 be the smallest prime which divides the order of M 1 , and let π 2 be the set of primes greater than p 1 . Again, using Theorem 5.6, there exists a normal π 2 -Sylow subgroup M 2 of M 1 such that K 1 = M 1 /M 2 is a p 1 -Sylow group, and M 1 is a semidirect product M 1 = M 2 ⋊ K 1 . Now we consider M 2 and repeat the procedure, obtaining M 3 and so on. In this way, we obtain the following chain
where for any i, M i /M i+1 is isomorphic to a p i -Sylow subgroup of G, and neither |G/M i | nor |M i+1 | is divisible by p i .
Next we construct a chain of closed subsets Ω i of G × G with the following properties:
observed, Zel'manov's theorem (Theorem 5.3) implies that P contains an element g whose order is equal to the exponent of P . Consider H i+1 = g H i ⋊ H i . By Propositions 5.10 and 5.11, H i+1 is a 2-generated closed subgroup of G/M i+1 and we can write H i+1 = x i+1 , y i+1 M i+1 /M i+1 by Gaschütz's theorem, where x i+1 = x i a i and y i+1 = y i b i with a i , b i ∈ M i . Moreover, exp(H i+1 ) = exp(G/M i+1 ). We can now set
which is closed in G×G since M i+1 is closed in G. Note that x i+1 M i+1 = x i a i M i+1 ⊂ x i M i , and similarly y i+1 M i+1 ⊂ y i M i . Hence, we get the following chain of closed subsets of G × G:
⊃ · · · Note that every finite subchain has non-empty intersection, so the compactness of G implies that i≥0 Ω i is non-empty.
Let (c 1 , c 2 ) ∈ i Ω i and consider C = c 1 , c 2 . We will show that this is the 2-generated closed subgroup of G that we are looking for.
Trivially exp(C) ≤ exp(G). Conversely, let p n(p) be the largest power of p dividing exp(G), where n(p) ≤ ∞. As previously noted, a p-Sylow subgroup P of G contains an element whose profinite order is equal to the exponent of P . Moreover, there exists i such that P ∼ = M This completes the proof of Theorem C.
